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Abstract. The aim of this study was to prove some common fixed point theorems in fuzzy 2-metric spaces by removing
the assumption of continuity, relaxing the compatibility or compatibility of type (o) or compatibility of type () to weak
compatibility, and replacing the completeness of the space with a set of alternative conditions.
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Introduction

The concept of fuzzy sets was initially introduced by Zadeh
(1965). Since then, for the purpose of using this concept in
topology and analysis, many authors have expansively deve-
loped the theory of fuzzy sets and applications. Kaleva and
Seikkala (1984), Deng (1982), Kramosil and Michalek (1975),
and Erceg (1970) have particularly introduced the concept of
fuzzy metric spaces in different ways. Recently, many authors
have also studied the fixed point theory in these fuzzy metric
spaces (Sharma and Deshpande, 2003; 2002; Chugh and Kumar,
2001;Jung et al., 1996; 1994; Fang, 1994; Hadzic, 1989; Grabiec,
1988; Badard, 1984; Singh and Ram, 1982). Mishra et al. (1994)
proved common fixed point theorems on complete fuzzy met-
ric spaces, which generalized, extended and fuzzified several
known fixed point theorems for contractive type maps on met-
ric and other spaces. They assumed continuity of one map in
each of the two pairs of compatible maps and also the commu-
tativity of continuous maps. Cho (1997) and Jung et al. (1994)
extended and generalized several fixed point theorems on
metric spaces, Menger probabilistic metric spaces and uni-
form spaces, and proved common fixed point theorems on
complete fuzzy metric spaces. The results of Cho (1997) were
extended by Sharma and Deshpande (2002), and Sharma (2001).
Cho (1997), Hadzic (1989), Jungck et al. (1983), and Singh and
Kasahara (1983) have proved the common fixed point theorems
for mappings under the condition of continuity and compati-
bility of type (o) in complete fuzzy metric, probabilistic metric,
and metric spaces. In this paper, the assumption of continuity
was removed, relaxing compatibility or compatibility of type
(or) or compatibility of type (B) to weak compatibility, and the
completeness of space was replaced with a set of alternative
conditions. The assumption of commutativity of continuous
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maps was also removed in the case of two pairs of maps. The
results of Sharma and Deshpande (2003) have been extended.

Definitions
Given below are definitions used in the paper.

Definition 1.1. A binary operation *: [0,1] x [0,1] X [0,1] —>
[0,1] is called a continuous t-norm, if ([0,1], *) is an abelian
topological monoid with unit 1 such thata, *b *¢ <a, *b,
*c,, whenevera, <a,andb <b,andc <c, foralla a, b b,
¢, c,arein [0, 1] (Sharma, 2002).

Definition 1.2. The 3-tuple (X, M,*) is called a fuzzy 2-metric
space if X is an arbitrary set, * is a continuous t-norm and M
is a fuzzy setin X*x (0, =), satisfying the following conditions:
forallx,y,z,ue X,andt,t,t,> 0 (Sharma, 2002).

(FM-1) M(x,y,z,0)=0,

(FM-2) M(x,y,z,t)=1, t>0and when at least two of the
three points are equal,

(FM-3) M(X,y,z,t)=M(X,2,y,t) = M(y,z,X,t)=....
(symmetry about three variables),

(FM-4) M(,Yv, z, t o+t +t)2MEX, y,u, t)* M(x, u, z, t,)*
M(u,y, z,t,)
(this corresponds to tetrahedron inequality in 2-met-
ric space ),

(FM-5) M(x,Y,z,.):[0,) > [0, 1]is left continuous.
Example 1.1. Let (X, d) metric space definea *b=abora*b
=min {a,b} and forallx,y € Xandt>0

t

M(x,y,t) = WX,Y)

then:

(X, M,*) is a fuzzy metric space



224

This is called fuzzy metric M induced by metric d, the stan-
dard fuzzy metric.

Definition 1.3. Let (X, M,*) be a fuzzy 2-metric space:
then:

® asequence {x } infuzzy 2-metric space X is said to be
convergent to a point x € X, if
lim M(x,x,at =1

-

forall a € Xand t>0

® asequence {x } infuzzy 2-metric space X is called a Cauchy
sequence, if

lim M(XMP

n—> o

,X,a,0)=1

foralla € Xandt>0,p>0

¢ afuzzy 2-metric space in which every Cauchy sequence is
convergent is said to be complete

Remark 1.1. Since * is continuous, it follows from (FM-4)
that the limit of the sequence in fuzzy 2-metric space is uniquely
determined (Sharma, 2002).

Let (X, M, *) be a fuzzy 2-metric space with the following
condition:

(FM-6) lim _  M(,y,zt) =1
forallx,y,ze X
Definition 1.4. A pair of mappings A and S is called a weakly

compatible pair if they commute at coincidence points (Jungck
and Rhoades, 1998).

Example 1.2. Define A, S : [0, 3] — [0, 3] by:
x,if xe [0, 1] 3-x,if xe [0,1]
and S(x) =
3,if xe [1,3] |3,if xe [1,3]

ARX) =

then:

forany x € [1,3], ASx = SAx, showingthat A,S are weakly
compatible maps on [0, 3].

Example 1.3. Let X = [0, 2] with the metric d defined by:
dix,y) = |x — y | , then for each te (0, o) define

t

M )= ——F——
¥ 07 Gy

* M(x,y,0)=0,x,ye X
Clearly, M(X, M,*) is a fuzzy metric space on X, where * is
defined by a*b =ab or a*b = min{a, b}.

Define A, B: X — X by Ax = x,if x e [0, 1/3),Ax = 1/3,if x
>1/3 and Bx=x/(1+x),x € [0,2].

Consider the sequence{ x = %2 +1/n;n>1}in X
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then:
lim Ax = 13andlim Bx =1/3

but
lim | M(ABx ,BAx ,t) =

-

t
t+ | 13- 1/4] 71

thus:
A and B are non-compatible, but A and B are commuting at

their coincidence point x = 0, that is, weakly compatible at
x=0

also

lim,_, - M(ABx,.BBx .0 =1/ 4] #!

and

lim | M(BAX ,AAx ,t)=

n—

t
it l1d13] 7!
further

. _ t
lim,_, . M(AAX,, BBX,,0= ) -0 #1

thus:

A and B are not compatible of type ()

In view of this example, it is observed that:

e weakly compatible maps need not be compatible

e weakly compatible maps need not be compatible of
type (o)

e weakly compatible maps need not be compatible of
type (B)

Lemma 1.1. Forallx,y,ze X, M(X,y, z, ) is non-decreasing

(Sharma, 2002).

Lemma 1.2. Let {y } be asequence in a fuzzy 2-metric space
(X, M, *) with the condition (FM-6), if there exists a number

ke (0, 1), such that:
M(y, .. y,,»a kt) 2M(y, .y, a, 1)

forallt>0andae Xandn=1,2,..., then {y } is a Cauchy
sequence in X (Sharma, 2002).

Lemma 1.3. If for all x,y,a e X, t>0 and for a number k
0,1

M(,y, a,kt) =2 M(x, y, a, t)
then, x =y (Sharma, 2002).

Results and Discussion
Sharma and Deshpande (2003) proved the following:

Theorem A. Let (X, M, *) be a fuzzy metric space witht * t >t
for all t € [0, 1] and the condition (FM- 6). Let A, B, S, T be
mappings from X into itself, such that:
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(1) A(X) cT(X), B(X) =S(X)

(2) there exists a constant k € (0, 1), such that:

M(AX, By, kt) = M(Ty, By, t) * M(Sx, Ax, t) * M(Sx, By, at)
*M[Ty, Ax, (2—a)t] * M(Ty, Sx, t)

forallx,ye X, oe (0,2)and t>0

(3) one of A(X), B(X), S(X), or T(X) is a complete subspace of
X,

then:

(i) Aand S have a coincidence point
(ii) B and T have a coincidence point

further, if

(4) the pairs {A, S} and {B, T} are weakly compatible
then:

(@ii) A, B, S and T have a unique fixed point in X

Theorem A for fuzzy 2-metric space, has been proved. The
following are proved as:

Theorem 2.1. Let (X, M, *) be a fuzzy 2-metric space with
t*t>tforallte [0, 1] and the condition (FM-6). LetA, B, S
and T be mappings from X into itself, such that:

(2.1) AX) cT(X),BX) cS(X)

(2.2) there exists a constantk € (0, 1)

such that:

M(AX, By, a,kt) = M(Ty, By, a, t) * M(Sx, Ax, a, t) * M(Sx, By, a,

o)
*M[Ty, Ax, a, (2—o)t] * M(Ty, Sx, a, t)

forallx,y,ae X,oe (0,2)and t>0

(2.3) one of A(X), B(X), S(X) or T(X) is a complete subspace
of X

then:

(i) A and S have a coincident point
(i) B and T have a coincident point

further, if

(2.4) the pairs {A, S} and {B, T} are weakly compatible
then:

(iii) A, B, S and T have a unique fixed point in X

Proof. By (2.1), since A(X) c T(X), so for any arbitrary x, €
X, there exists a point x, € X, such that Ax =Tx,. Since B(X)
 S(X), for this point x , a point x, € X can be chosen, such

that Bx, = Sx,, and so on. Inductively, a sequence {y, } in X
can be defined as:
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y2n = TlX2n+1 = AXZn’ and
y2n+1 = SX2n+2 = BX2n+1 for n= 0’ 1’ 2’ e

By (2.2) forallt>0and a=1-q, withqe (0,1), it would be:

M(szmz’ BX2n+1 »a,kt)= M(Tx2n+l ’ BX2n+1 .2, 0% M(szmz’ AX2n+2’
a, t) *M(Sx,, ., Bx, ,aat)*M[Tx, ,Ax, .a, (2-o)t]*
M(Tx2n+l’ Sx2n+2’ a, t)

M(Y,,00 Yoo & KO 2 My, ¥, 02,0 F MY, 0 Yy, 008D F
MY, Yopr & O * My, Y, on 2, 2—0) 11 MUy, ¥,
8,02 M(y,, ¥y, 80 * My, . ¥, &0 * T*Mly, .y, .
a, (1+q)t] * M(y,, y,,.» &b

On the lines of Sharma (2002) it is:

ZM(Y,,s Yoporr & 0 * MY, 5 Yo @ 0 * MUy, ¥, 2t +
t/2+t/2)

2 MY, Yo @0 F MY, 5 Yoo @ 0 * MY, Y000 Yo A0
* M(y2n’ Yoner & t/2) * M(y2n+1’ Yonar & t/2)

2 MY, Yaprr & 0F M, 1o Vo &0 MY, ¥, ¥, 037 ) * M(y . ¥ 1
Y 3G7) * M(y . ¥, ¥ U3G7) * MY, ¥, 0 8, U2) * MUY, s
a, t/2)

Yonso?
thus:
since M(y,, ¥,» ¥,» /3¢™") = 1 asn — oo

itis:

(2.5) M(Y,,,1» Yoo & KO Z My, y, 2 OF MUy, 1 Y, 0020 D)
similarly, itis:

(2.60) M(Y,,.p: Yy KO ZM(Y, Y, 00 8 ) F MY, .Y, 0080 D)
from (2.5) and (2.6), it follows that:

M(y,, s ¥y & KO Z MUy, Y, 8,0 F M(y, by, 80
forn=1,2,..., and also for positive integer n, p

M(ym, Youpr & kt) > M(y“, Yoo & t) * M(ym, Yo & t/k)
thus:

since M(y, . y,,,» & t/k") = 1 as p — oo

n+2°
itis:

M(y, ., Y,.» & kt) = M(y,y, . .ab

s0, by Lemma 1.2, {y,_} is a Cauchy sequence in X.

Now, suppose S(X) is complete, note that S(X) contained the
sub-sequence {y, } in S(X) and has a limit in S(X), it is
called z.

Let u = S-'z, thus, Su = z. The fact will be used that the sub-
sequence {y, } also converges to z

by (2.2) with o= 1, itis:
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M(Au,y, . ,a kt)=M(Au, Bx, . a,kt)
2 M(Tx,, . Bx, ,a,t) *M(Su, Au, a, t) *M(Su, Bx,_,a,t)*
M(Tx, ,Au,a,t)*M(Tx,  ,Su,a,t)

= M(y,,s Yo, @& 0 *M(Su, Au, a, ) *M(Su, y, . a,0) * M(y,,, Au,
a,t) * M(y,,, Su, a, t)

which implies that as n — oo

M(Au, z,a,kt) > 1*M(z,Au,a,t)*1*M(z,Au,a, t) *1
> M(Au,z, a,t)

Therefore, by Lemma 1.3, Au=z
thus:

Au =1z = Su, i.e., uis a coincidence point of A and S. This
proves ().

Since A(X) c T(X), Au = z implies thatze T(X). Let v =
Tz, then Tv = z. It can be easily verified by using similar
arguments of the previous part of the proof that Bv =z

thus:

Bv =z = Ty, i.e., visacoincidence point of B and T. This
proves (ii).

If it is assumed that T(X) is complete, then argument analo-
gous to the previous completeness argument establishes (i)
and (ii). The remaining two cases pertain essentially to the
previous cases. Indeed, if B(X) is complete, then by (2.1),z €
B(X) € S(X). Similarly, if A(X) is complete, thenze A(X) c
T(X). Thus (i) and (ii) are completely established.

Since the pair {A, S} is weakly compatible, therefore, A and S
commute at their coincidence point, i.e., ASu=SAu, orAz=Sz
similarly,

BTv=TBv or Bz=Tz.

Now, to prove Az=zby (2.2), witha =1

M(Az,y, ., a kt)=M(Az,Bx, . a, ki)

2 M(Tx, ,, Bx, ,,a,0) *M(Sz,Az, a, t) * M(Sz, Bx
*M(Tx,,, ,Az,a,0) * M(Tx, , ,Sz,a,t)

= M(y,,» Yoo @& O) * M(Az, Az, a, t) * M(Az,y, ,a,t)*
M(y,,, Az, a, ) * M(y, , Az, a, 1)

a, t)

2n+17

Taking limit as n — oo

M(Az,z,a,kt) 2 1*1*M(Az,z,a,t) * M(z,Az, a, t) * M(z,
Az, a,t)
> M(Az,z,a,t)

therefore:
by Lemma 1.3, Az=z
thus:

Az=27z = Sz
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similarly,
Bz=z=Tz.

This means that z is a common fixed point of A, B, S and T.

For uniqueness of common fixed point let w # z be another com-
mon fixed point of A, B, S and T. Then by (2.2) with =1

M(z, w, a, kt) = M(Az, Bw, a, kt)

>M(Tw,Bw, a,t) * M(Sz, Az, a,t) * M(Sz, Bw, a, t) * M(Tw,
Az, a, t) * M(Tw, Sz, a, t)

1%1*M(z,w,a,t)*M(w,z,a,t) * M(w, z, a, t)

>
> M(z,w,a,t)

therefore:

by Lemma 1.3,z = w. This completes the proof.

Theorem 2.2. Let (X, M, *) be a fuzzy 2-metric space with
t¥t>tforall te [0, 1] and the condition (FM-6). Let A, B,
S, T and P be mappings from X into itself, such that:

(2.7) P(X)cAB(X), P(X)cST(X)
(2.8) there exists a constant k € (0, 1), such that:

M(Px, Py, a, kt) > M(ABY, Py, a, t) * M(STx, Px, a, t) * M(STx,
Py, a,at) * M[ABY, Px, a, (2— o) t] * M(ABYy, STX, a, t)

forallx,y,ae X, ave (0,2)and t>0

(2.9) If one of P(X) , AB(X) or ST(X), is a complete sub-space
of X

then:

(i) P and AB have a coincident point
(ii) P and ST have a coincident point

further, if

(2.10) PB=BP;AB=BA;PT=TPand ST=TS

(2.11) thepairs {P,AB} and { P, ST} are weakly compatible
then:

(iii) A, B, S, T and P have a unique common fixed point in X

Proof. By (2.7), since P(X) < AB(X) , for any point x, € X,
there exists a point x, € X, such that, Px = ABx,. Since P(X)
ST(X), for this point x,, a point x, € X can be chosen, such
that, Px, = Sx,, and so on. Inductively, a sequence {y, } in X
can be defined as:

y2n = PXZn = ABX2n+1 and y2n+1 = PX2n+1 = STX2n+2

where:

n=0,1,2,...

by (2.8),forallt>0and ao=1-qwithqe (0,1), it would be:
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1\/I(PXZMZ’ PX2n+1’
Px a,t) * M(STx,,,, Px

2n+2°
(2 —o)t]* M(ABx, _, STx

a,kt) > M(ABx, . Px, a0 * M(STx,, .,

a,ot) * M[ABx, ,Px a,

2n+1 2n+1 2n+2°

a,t)

2n+1° 2n+2°

M(Y,0Y a0 @ KO 2 MY, ¥, 0 @ 0 F MUY, 0 Y500 35 D)
MY 00 Yo & OO MLy, ¥, 008 (T4 Q) ] * MUY, ¥y,
a,t)

2 M (Y0¥ a0 &0 MY, 0 Yy & O 5 TF My, v, 00 8,
(1+ @) t] *M (¥, Yoo @ 1)

2 MY, Yoo 2 0) "MV, 15 V0 & O ¥ My, v, o0 2, (14Q) ]

On the lines of Sharma (2002), it is:

Z M (Yo Yo & D F MY Yoo & 0 F MY, ¥y 00 20 19 +
t/2 +1/2)

2 MY, Yarr @ 0 F MYy, Yo & D F MYy Y0 Yo 4V
MYy Yoo @ U2) ¥ M(Y,, 10 Y0 8 12)

2 M(yzn’ Yonr0 & t) * M(y2n+1’ Yonsor & t) * M(y()’ Y ¥ t/3qz“ )
MYy ¥y ¥ V307 * My, ¥, ¥ U367 * MUy, L ¥, 85 U2)
MY 0010 Yoner & U2)

thus:

since M(y,, ¥,, ¥,» /3¢>") = 1 asn — oo

itis:

CA2) MY, Yopp & KO 2 M(y,. Y, o 2,0 F MY, 1. Y, 8 D)
similarly,

2.13) M(y2n+2, Voo & kt)> M(yme Vo & t) * M(y2n+2, Vonez & t)
from (2.12) and (2.13) if follows that:

1\/I(yml’ yn+2’ a, kt) 2 M(yn’ yn+1’ a, t) * M(yn+1’ yn+2’ a, t)

forn=1,2,..., and also for positive integer n, p

M(yn+1’ yn+2’ a, kt) 2 M(yn’ yn+1’ a, t) * M(yn+1’ yn+2’ a, t/kp)
thus:

since M(y, . y,,,» & t/k") = 1 as p— o

n+2°
M(y, ., ¥,.»a kt) 2 M(y,,y, . ..a¢b
therefore:

by Lemma 1.2, {y } is a Cauchy sequence in X.

Now, suppose ST(X) is complete

note that the subsequence {y, } is contained in ST(X) and
has a limit in ST(X) called z

Letu=(ST)!'z, then STu=2z.

Applying the fact that the sub-sequence {y, } also converges
toz

by (2.8) with a.= 1, it would be:

M(Pu,y, . ,a, kt) =M(Pu, Px a, kt)

2n+1°
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2 M(ABx,  ,Px,  ,a,t)*M(STu, Pu,a,t) * M(STu, Px
a,t) * M(ABx, _ ,Pu,a, t)* M(ABx, , ,STu,a,t)
=M(Y,,» Yop,p» & D) *M(z,Pu, a,0) * M(z, y, ., a, t) * M(y,, , Pu,

a,t) *M(y,,,z a,t)

2n+17

which implies that as n — oo

M(Pu, z,a,kt) = 1*M(z,Pu,a,t)*1*M(z,Pu,a,t)*1
> M(Pu,z,a,t)

therefore:

by Lemma 1.3, Pu=z. Since STu=z,Pu=z=STu, ie., uis
coincidence point of P and ST. This proves (i).

Since P(X) c AB(X), Pu=zimplies that ze AB(X).

Letv=(AB)'z, then ABv =z. It can easily be verified by using
similar argument of the previous part of the proof that Pv = z.
Ifitis assumed that AB(X) is complete, then argument analo-
gous to the previous completeness argument establishes (i)
and (ii).

The remaining one case pertains, essentially, to the previous
cases indeed. If P(X) is complete, then by (2.7), z € P(X)
ST(X), orz e P(X) c AB(X). Thus (i) and (ii) are completely
established. Since, the pair {P, ST} is weakly compatible, there-
fore, P and ST commute at their coincident point, i.e., P(STu) =
(ST)Pu, or Pz=STz. Similarly, P(ABv) = (AB)Pv or Pz=ABz.

Now, to prove that Pz = z, by (2.8) with o = 1, it would be:

M(Pz,y, .,a kt)=M(Pz Px, ,a,kt)

2 M(ABx,  .Px,  ,a,t)*M(STz Pz, a,t) * M(STz,Px, ,a,
t) * M(ABx, ., Pz, a,t) *M(ABx,_,,, STz, a, )

= M(y,,» Yy, » & 1) *M(Pz,Pz,a,1) *M(Pz,y, ,a,t) *M(y,,

Pz,a,t) * M(y,,, Pz, a,t)

Taking the limit n — oo, it is:

M(Pz,z,a,kt)>1 *1*M(Pz,z,a,t) * M(z,Pz, a, t) * M(z, Pz, a,t)
> M(Pz,z a,t)

therefore:

by Lemma 1.3, Pz=z,thusABz = z = Pz = STz.

Now, it will be shown that Bz =z. In fact by (2.8) with .= 1 and
(2.10) itis:

M(z, Bz, a, kt), = M(Pz, BPz, a, kt) = M(Pz, PBz, a, kt)

> M[AB(Bz),PBz, a, t] * M[STz, Pz, a, t] * M[STz, PBz, a, t]
* M[AB(Bz), Pz, a, t] * M[AB(Bz), STz, a, t]
=1*%*1*M(z,Bz,a,t) * M(Bz,z,a,t) * M(Bz, z, a, t)

> M(z,Bz,a,t)

which implies, by Lemma 1.3, that Bz = z. Since ABz = z,

therefore, Az = z. Finally, Tz = z. Indeed, by (2.8) with a.=1 and
(2.10)

M(Tz, z, a, kt) = M(TPz, Pz, a, kt) = M(PTz, Pz, a, kt)
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> MJ[ABz, Pz, a,t] * M[ST(Tz), PTz, a,t] * M[ST(Tz), Pz, a,t]
*M[ABz, P(Tz), a, t] * M[ABz, ST(Tz), a, t]

=1*1*M(Tz, z,a,t) *M(z, Tz, a,t) * M(z, Tz, a, t)

> M(Tz,z, a,t)

which implies, by Lemma 1.3, that Tz=z. Since STz=z, z=
STz = Sz. Therefore, by combining the above results, Az =Bz
=Sz=Tz=Pz=z,i.e.,zisacommon fixed pointof A, B, S, T
and P.

For uniqueness of common fixed point, let w # z be another
common fixed point of A, B, S, Tand P.

then:
by (2.8) with o= 1, it would be:

M(z, w, a, kt) > M(ABw, Pw, a, t) * M(STz, Pz, a, t) * M(STz,
Pw, a, at) * M(ABw, Pz, a, t) * M(ABw, STz, a, t)
1*%1*M(z,w,a,t)*M(w,za,t)*M(w,z,a,t)

>
> M(z,w,a,t)
therefore:

by Lemma 1.3, we have z = w. This completes the proof.

Theorem 2.3. Let (X, M, *) be a fuzzy-2 metric space with t*
t>tforallte [0, 1] and the condition (FM-6). LetA, B, S, T,
P and Q be mappings from X into itself, such that:

(2.14) P(X) cAB(X), Q(X) = ST(X)
(2.15) there exists a constant k € (0, 1), such that:

M(Px, Qy, a,kt)> M(ABY, Qy, a, t) * M(STx, Px, a, t) * M(STx,
Qy, a, at) * M[ABYy, Px, a, (2—o)t] * M(ABYy, STX, a, t)

forallx,y,a € X, ae (0,2)and t>0

(2.16) 1f one P(X), Q(X), AB(X) or ST(X) is complete sub-
space of X

then:

(i) P and ST have a coincident point

(i) Q and AB have a coincident point

further, if

(2.17) AB=BA, QB=BQ,PT=TPand ST=TS

(2.18) the pairs {Q, AB} and {P, ST} are weakly compatible
then:

A, B, S, T, Pand Q have a unique common fixed point in X.

Proof. By (2.14), since P(X) c AB(X), for any point x, € X,
there exists a point x, € X, such that Px = ABx . Since Q(X)
ST(X), for this point X , a point X, € x can be chosen, such that:

Qx,=STx,,and so on
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inductively, a sequence {y } in X can be defined as:

y,, =Px, =ABx,  ,and

2n+17

y2n+1 = QX2n+1 = STX2n+2

where:
n=0,1,2,...

Forallt>0ando=1-q, withq e (0,1). As proved in Theo-
rems (2.1) and 2.2, it can be proved that {y, } is a Cauchy
sequence in X. Now, suppose ST(X) is complete; note that
ST(X) contains the sub-sequence {y, }and has a limit in
ST(X), called z. Let u = (ST) 'z, then STu = z. Applying the fact
that the sub-sequence (y, } also converges to z

by (2.15) with o = 1, it would be:

M(Pu, Qx,  ,a,kt) > M(ABx, ,Qx, ,a,t)*M(STu,Pu,a,t)*
M(STu,Qx, ,,a,t) *M(ABx, ,Pu,a,t)*M(ABx, ,STu,a,t)
= M(Y,,, Yy, &0 *M(STu.Pu,a.t) *M(STu,y, .. * M(y, . Pu,
a t)* M(yzH, STu, a, t)

which implies that as n — oo

M(Pu, z, a, kt) > M(Pu, z, a, t)

therefore:

by Lemma 1.3, Pu=1z. Since STu=z, thusPu=z=STu,i.e.,u
is a coincidence point of P and ST. This proves (i). Since P(X)
c AB(X) and Pu=zimplies that z € AB(X).

Letv=(AB)"z, then ABv=z
by (2.15) with o = 1, it would be:

M(Pz,y, . ,a kt)=M(Pz,Qx, ,a,kt)

2 M(ABx,,,,, Qx,, .. a,0) *M(STz, Pz, a, t) * M(STz, Qx
a,t) *M(ABx,  ,Pz a,t) *M(ABx,  ,STza,t)

2 M(Y,, Yo, & 1) * M(STz, Pz, a, t) * M(STz,y, ,a,t)
*M(y,,, Pz,a,t) * M(y,,, STz, a, t)

2n+1°

Taking the limit as n — oo, it is:
M(Pz,z,a,kt) > M(Pz,z,a,t)
therefore:

by Lemma 1.3, we have Pz =z = STz.

Now, it shows that Qz = z. In fact by (2.15) with o« = 1 and
(2.17), it would be:

M(y,,, Qz, a, kt) =M(Px, , Qz, a,kt)
2 M(ABz,Qz,,a,t) * M(STx,_, Px, , a,t) * M(STx, ,Qz,a,t)*
M(ABz,Px, ,a,t)* M(ABz,STx ,a,1)

Taking the limit n — oo

M(z, Qz,a,t) 2M(Qz, z, a, t)
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therefore:
by Lemma 1.3, Qz=7z=ABz. Thus, Pz=Qz=ABz=STz=z.

By putting x =z and y =Bz, with v =11in (2.15), using (2.17)
and Lemma 1.3, it is easy to see that Bz = z. Since ABz =z,
therefore, Az =z

similarly,

by putting x=Tzandy =z, witha =11in(2.15), using (2.17)
and Lemimna 1.3, it is easy to prove that Tz = z. Since STz =z,
Sz =z. Therefore, by combining the above results, it would be:

Az=Bz=Sz=Tz=Qz=z

which mean that z is the common fixed point of A, B, S, T, P
and Q. Thus, it is easy to prove uniqueness.

Theorem 2.4. Let (X, M, *) be a fuzzy metric 2-space with t *
t>tforallte [0, 1] and the condition (FM-6). Let A, B, S, T
and {P },_,be mappings from x into itself:

(2.19) U, P(X)cAB(X), U._ P(X)cST(X), whereI is an

iel™ 1 iel i

index set

(2.20) there exists a constant k € (0, 1), such that:

M(Px, Py, a kt) 2 M(ABy,Py, a,t) * M(STx, Px, a, t) * M(STx,
Py, a,at) *M[ABy, Px,a,(2—-a)t] * M(ABy,STx,a,1)
forallx,y,ae X, e (0,2),ie landt>0

(2.21) If one of AB(X), or ST(X), or P(X) (i € I) is a complete
subspace of X, then:

(i) foralli e I, P, and AB have a coincidence point
(ii) for alli € I, P, and ST have a coincidence point

further, if
(2.22) forallie I, PB=BP,AB=BA;PT=TP and ST=TS

(2.23) forallie I, the pairs {P, AB} and {P, ST} are weakly
compatible, then

(iii) A, B, S, Tand {P, },. 1 have aunique common fixed point in X

if we put B=T=I_(theidentity map on X) in Theorem 2.2, the
following result:

Corollary 2.1. Let (X, M, *) be a fuzzy 2-metric space with t *
t>tforallte [0, 1] and the condition (FM-6). Let A, S and P
be mappings from X into itself, such that:

(2.24) P(X)cAX),P(X) = S(X)
(2.25) there exists a constant k € (0, 1), such that:

M(Px, Py, a, kt) > M(Ay, Py, a, t) * M(Sx, Py, a, a't) * M[Ay, Py,
a, (2- o) t]* M(Ay, Sx, a, t)

forallx,y,ae X, ave (0,2)and t>0
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(2.26) If one of P(X), or S(X) is a complete sub-space of X,
then:

(i) P and A have a coincident point
(ii) P and S have a coincident point

further, if
(2.27) The pair {P, A} and {P, S} are weakly compatible, then:
(iii) A, S and P have a unique common fixed point in X

if, A=B=S=T=1 (theidentity mapping on X) in Theorem
2.2, the following results are acquired:

Corollary 2.2. Let (X, M, *) be a fuzzy metric 2-space with t *
t >t for all t € [0, 1] and the condition (FM-6). Let P be
mappings from X itself, such that:

(2.28) there exists a constant k € (0, 1), such that:

M(Px, Py, a, kt) = M(y, Py, a, t) * M(x, Px, a, t) * M(x, Py, a, ait)
*Mly, Px,a,( 2—-o) t] * M(y, X, a, t)

forallx,y,ae X, ae (0,2)andt>0

if P(X) is a complete sub-space of X, then P has a unique
common fixed point in X

by using Theorem 2.1, the following results are acquired:

Theorem 2.5. Let (X, M, *) be a fuzzy 2-metric space with t *
t>tforallte [0, 1] and the condition (FM-6). LetA,B and T
be mappings from X into itself, such that:

(2.29) AX) UB(X) cT(X)

(2.30) there exists a constant k € (0, 1), such that:

M(AX, By, a, kt) = M(Ty, By, a, t) * M(Tx, Ax, a, t) *

M(Tx, By, a, at) * M[Ty, Ax, a, (2—o) t] * M(Ty, Tx, a, t)
forallx,y,ae x, ove (0,2)andt>0

(2.31) One of A(X), B(X) or T(X) is a complete sub-space of X
then:

A, B, T have a coincidence point

thus:

Theorem 2.1, for sequence of mappings, is established in the
following manner:

Theorem 2.6. let (X, M, *) be a fuzzy metric 2-space with t * t
2tforallte [0, 1] and the condition (FM-6). Let S, T, A, : X —
X,1=0,1,2, ..., such that:

(2.32) AX)cTX), A(X)cS(X), ie N
(2.33) there exists a constant k € (0, 1), such that:

M(A x, Ay, a,kt) 2 M(Ty, Ay, a, t) * M(Sx, A X, a, t) * M(Sx,
Ay,a,ot)* M[Ty,A x,a,(2-00t] * M(Ty, Sx, a, t)
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forallx,y,ae X, ae (0,2) and t>0

(2.34) the pairs {A, S} and {A, T} (i € N) are weakly
compatible

(2.35) if one of S(X), T(X) or A (X) is a complete sub-space
of X, or alternatively A, i € N are complete sub-space of X

then:

S, Tand Ai, i=0, 1,2, ... have a unique common fixed point.
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