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The object of this paper is to prove a fixed point theorem of Singh and Meade type (1977) in 2-metric space.
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Introduction

Gabhler (1963) has introduced the motion of a 2-metric space
as follows:

A 2-metric space is a non empty set X together with a real
valued function d on X x X x X satisfies the following
properties:

(i) For two distinct points X, y in X, there exists a point z in X
such that d(x, y, z) # 0. '
(ii) d(x, y, z) = 0 if at least two of X, y, z are equal.

(iil) d(x, y, z) = d(x, z, y) = d(y, z, x)

(ivyd(x,y, z) <d(x,y,u) +d(x,u, z) +d(u, y, z) for all x, y, z,
uin X.

Definition 1.1: sequence {x_} in a 2-metric space (X, d) is
said to be Cauchy sequence if lim d(x,, x,,z) =0 forall
zin X,

m, N—3co

Definition 1.2. A 2-metric space (X, d) is said to be complete
if every Cauchy sequence in X is convergent.

Lemma I.1.(Cho et al 1988) Foreveryi, j, k& N, d(x, x; x,)
=0 where {x_ } isthe sequencein X defined in the proof of the
theorem.

Results and Discussion

Throughout this paper (X, d) stands for a complete 2-metric
space. Further, ¢ is the set of functions ¢ . (R*)* — R*, which
arc upper semi-continuous from the right and non-decreasing
ineach coordinate variable such that ¢(t, t, t, at, bt) <t for each
t>0anda=0,b=0witha+b=<2.

In this note we extend result of Singh and Meade (1977) for 2-
metric space. We prove the following:

Theorem 1. Let (X, d) be a complete 2-metric space and let S
and T be self mapping of X. Suppose there exists a¢ € ¢ such
that for all x, y,a € X, d(Sx, Ty, a) < ¢[d(x, y, a), d(x, Sx, a),
d(y, Ty, a), d(x, Ty, a), d(y, Sx, a)]....(2.1) holds, then there
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exists a z € X such that z is a unique common fixed point of
SandT.

Proof. Let x € X be any point. Then define a sequence of
iterates {x }. First choose a point x, in X, = S . Then choose
a point x, in X, = Tx, and so on. In general choose a point
Xy i0 X, = 8x, ,and a point x, in X, =Tx, , forn=
S Bl PutV =d(X, X, a). We shall prove that {V_} is
a decreasing sequence.

IfV, ., >V, then by (2.1) we have

2n+l

¥ d(X,,,» X, @) = d(Sx,,, Tx

<0 [d(x,, x,,,,» @), d(x,, Sx,, a), d(x

a).

2041 n+l?

n+1?

Tx211+1’ a)‘ d(xln’ Tx2n+l‘ i:l}, d(x?nn‘ SxSn’ 3)]
= ¢ (VZn’ V.‘.n’ VZnH’ Vln + V'.‘:H»l‘ (})
<N asiV, . sPn

In+l In+l

giving a contradiction,

<V

2 2n+1

Hence V, <V, . Similarly we can show that V,

Thus {V} is a decreasing sequence.
Now since
V,=d(X,, X,, a) =d(Sx, Tx , a)

< (Vy Vi Vi 2V, 0).

o o

it follows by induction that

V. <y (V,), where

y(t) =max {d(t, ¢, t, 2, 0), ¢(t, t, 1, 0, 20)}
Then by a lemma of Matkowsk (1977) we have

lim

n—joe n



Fixed Point Theorems

We now show that {x } is a Cauchy sequence. For this, it
suffices to prove that {x, } is a Cauchy sequence.
Suppose that {x, } is nota Cauchy sequence. Then there is an
€ >0suchthatforeach eveninteger 2k, there are even integers
2m(k) > 2n(k) > 2k such that

d(xzm(k}, Kogip T [ Y et S (2.3)
By the well ordering principle, for each even integer 2k, let
2m(k) be the least even integer exceeding 2n(k) satisfying
(2.3). That is to say that

d("znw Xona ) =€ and (2.3) holds......(2.4)
Now
E < d(XZN{k:’ x:mﬂ;]’ 3) d(x"nfk}‘ 2mik)-2 a) o V"m{k} 2 Vln[k)AI

(using lemma 1.1)
Then by (2.3) and (2.4) it follows that

lim, d(x

k—3oa n(ky x'.’.rn(k}‘ a) &

Also by the triangle inequality and using lemma 1.1 we have

-|d(x2n(k!’ Xomagr D) = Ay 00 X505 @) < Vst

and

ld(xZn{k)H’ xzmm- P a) i d(x?_n:’k}‘ x’lm(k)‘ a} ] < vatk)-I + Vz.:{m
Using (2.5) we get

d(x a) > e

(k) x:m(k}- i

and

d(x X

sngoe? Xamgop &) — €

But by the hypothesis (2.1) one gets

A%, 50 Xamar ® S gy Xagger @ + A 000 Xangp @) +

d(x a) + d(x X, k), X

2n(k)i+P e 2m(k)y 2n(ky 2n(k)+ I)

The last term will be zero by lemma 1.1

i d(x"nm' Xpndoar @) + A0 X5 0y @)

Zntk] + d(SXE‘n{kJ "m(k}-l' 'd),
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S VI-:{L-! + ¢{d(x"n{k]’ x"‘m(ka- 5 a) d(x?n:kjsx‘mk!’ El)

d(x +TX a), d(x a), d(x,m[LII 2 )

2mik)-1 2mik)1" 7nl’!\J’ "mfkr I’
== V"u[ka + q}ld(x’nfl}’ Xy 2mik)-1* a) V"nik}’ Vlu{k)-l‘
d(KEntk} 2mik) d') d(J'("m[l(] 1H "n{k)+[ 3)]

As ¢ is upper semi continuous from the right, we obtain
<0(e,0,0,e.e )<e, whenk — oo,

which is a contradiction. Thus {x } is a Cauchy sequence. By
the completeness of X, {x_} converges to a point z € X.

Now
d(z, Sz, a) <d(z, x,,, a) + d(z, Sz, x, ) + d(Sz, Tx,, , a)

+0[d(z x,, ,a),d(z, Sz, a), d(x,
Tx,, ,» @), d(z, Tx, . a), d(x, Sz, a)]

<d(z, x,,a)+d(z, Sz, x, )
i!

sd(z, Sz, x,,) +d(z, x,,
d(z, x

F a) =+ qJ[d(Z‘ Xonet? a), d(z, Sz, a), VZH-I’

a)+d(x P a)+d(z, Tx yae . o SZeay]

-1 2n- i’ "n -1 "n ! n-1*

Letting n tending to oo, we obtain
d(z, Sz, a) < §(0, d(z, Sz, a), 0, 0, d(z, Sz, a)

By the property of ¢, we get d(z, Sz, a) =0. Similarly, it can be
shown that d(z, Tz, a) =0. Thus z € Sz " Tz. This completes
the proof.

Remark 1. Taking to be continuous function for metric space
we get a slightly revised version of the result of Husain and
Sehgal (1975) as a corollary.
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